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1 À Á
ÂjÃjÄjÅ?ÆjÇjÈjÉjÊjËjÌÎÍgÏjÐjÑjÒjÓjÔjÕjÖj×jÈjÉ

[1,2]. ØjÙ ÆjÇjÈjÉjÅ?ÚjÛÎÜgÝjÞßjàjájâ ÚÎãgäjå âjæ ãgçjèjäjÅ æ Þ ßjéëê å â ÚjÞ ßjéëê Å?ì æjíëîjïëð Óëñjò
[3-7].ó

[6] ôWõWö ÜGÝ àWá Ë æ ãGçWèWäW÷WøWùW÷WúWÌûÍGÏWÐWüWýWÓWÆWÇWþWÿWÅ���� Ø üWý æ ÞßWéWê�� ÚWÞ ßWéWê���� Å���	 ö�
�� ÆWÇWÓ���������������������GÅ��WçWèWäûÜGÝ��������� � ØWÙ Ô�� æ ã àWá ( � Ì â �WçWèWä )
ÜGÝWÅ! ����WÆWÇW÷WÅ!"�#�$�%�& 
�'�(�) ÔÕ�*�+�, æ�- Ó�.�/WÅ0��1 í Ô�2 â $�%�&�+�,WÓWç 
 �0354WÆWÇ í�65��7 Û58�9�: æ Ô��; Å=<�>�? æ 9����jÓ���@�A�B

[8,9].
ó

[10] C�D�E�F�G�H Ó ��I ��	 ö�J ; 2�KML�NMOWüýWÆWÇWÓ��������� ó
[11] ôWõWö�P�Q�R Þ ßWéWê ÓWÌûÍGÏWÐWüWýWÅ0��	 ö�
�� ÆWÇ ��S�TU

1
ÆWÇWÓ���������� ØWÙ Ô�� æ ã àWá > P éWê ÓWüWýWÅ0V�W�X ) ÆWÇWÓ������� â ÔWÕY æ ãGçWèWäWÓ ��� 9�Z�[�\�]�9�Z�^�_WÓWÈWÉ���3 í�6Wâ�` Ë � Ô�� éWê ����OWÅ�a�_�X

) ÔWÕWÆWÇWÓ�������WÅ=<�>�b Ù àWá ÜGÝjÓ��Wçjè ; Å ó [6] c�D Ó Ø�d�e äWÓ ��I�f ÷í�g�h D �
* &jilknmK(K)jojpjqlr (60934006) sK%K&K(K)K*jtjujvjwjxjyK4jzj{j|jqlr (KJCX3-SYW-S01) }j~j��0���0����� � 2009-09-11.
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� Ø�f ÈWÉWÅ0� ó�� D ó [11]

ÓWñWò��ûÜGÝ àWá������l� Ø���� ÄWÅ Ø ÜGÝ��W×���� ö�M4jÅ=�M	 öM� -M�M� D Ó “ � ÞM4 ”.
Çj÷jÅ=� éjê ÓM�M M?M�M� öM¡Me Å=�jÊ öM¢¤£ ���¥

i) � Þ�4��GÓûÍGÏWÐ�¦�§ ß�¨�© ) éWê�ª�«�¬ ii) � Þ�4��GÓûÍGÏWÐ�¦�§ ß�¨��© ) éêMªM« �M®M¯ÎÍgÏjÐM¦M§ ßM¨M© ) ªM«M¬ iii) ° ÕjüjýjÚjÞ ßjéjê � Ø �M� i), ±M²MCMDMEF ��³ 7 Û���	 ö üWý 
�� ÆWÇWÓ�������WÅ0´�µ�¶l·�����?�¸�µ S�T�U 1
ÆWÇ���b Ù � ÔÕjçjèjä¹�gÅIÜgÝ � ÞM4MºM»ÎÜgÝjÓM¼ æ �j×WÅ ` f Å=� ó � ó [6]

�gÓjñjòM�M� ö �M½ ;¾ �WÅ�¿WçWè àWá ÜGÝ ¾ � )Wö Ô�� àWá ÜGÝ�� Ø ��� ii), ±�² ��	 ö ÜGÝ 
�� ÆWÇWÓ�������WÅ�´�µ�¶ ö 3WÕ���� � Ô�2�A�B�OWÓ�À� ; ��·���� â�ÁGæ�Â�� �lÃ æ ��	WÓ�� Ø ���
iii), Ä�Å ó [10]

��	 ö Ô�ÆWÆWÇWÓ�������WÅ���3�Ç ±�² ��	 ö 9WÌ�È�§�É�Ê�Ë�,WÓûÍ�bl�� ó ®�¯�Ì��WÓ�Í�Î�V�O���Ï
2
�WÅ ±�²�Ð�Ñ äWÛWÓ�Ò�� T�Ó Å�´�Ô�Õ ö � ó  ôWõ ÓÈWÉ��ÖÏ

3
�WÅ ±�²�×�Ø�Ð�Ñ�Ù Õ�Ú�Û Ð 7 ÅÖ#�Ü���� Ø�¢ 4 éWê ����OWÅÖ��	WüWýWÆWÇWÓ�����=Ï

4
����	 ö�Ý�I Ó�Þ�ß�à�á��=Ï 5

� Ø Û ó ��� ö�â�ã�ä ñ��� ó � DM) VMOMåMæM� 1N çMè ¼ æ �M/jìjË 1
Ó

N éMê ãë/jÅ I çMè ãMìMGMH �=�2 G�H A, AT ç�è A
Ó�í�îWÅ

tr(A) ç�è A
Ó�ï��=��2ûãl/

X , ‖X‖ ç�è X
Ó

2 ð�ñ � ØÔjÕ EMF .M/ ξ
�

σ- òMñ F , ξ ∈ F çMè ξ
- Ù F óMô Å ξ−

4
= −min{ξ, 0}. Ø ÔMõ EMF ./

{ξλ, λ ∈ Λ}, σ{ξλ, λ ∈ Λ} ç�è σ- ò�ñ σ{[ξλ ∈ B], B ∈ B, λ ∈ Λ},
®��

B ç�è Ô é Borel

σ- ò�ñ �
2 öø÷øùøú
2.1 û�ü�ý�þ�ÿ����Ë ö Ü��MÔMÕ ��� Å ±M²MÐMÑ VMO���� [1,2,4].

ZMË æ ãgä
G = {V , EG,AG}

â ÔjÕ ¢��ÍWÅ�®��
V = {1, 2, · · · , N}

â �W×�	WÅ��W×
i ò ç Ï i

ÕûÍGÏWÐWÅ
EG
â�
 	WÅ

AG
â

G
Ó�ZË���� G�H � G

�GÓ 
 D æ� ñ Í (j, i) ç�è Å 
 (j, i) ç�è ¿ûÍGÏWÐ j ) ÍGÏWÐ i
ÓWÞ ßWß

� ��Ï
i
ÕûÍGÏWÐWÓ������W×�	���å �

Ni = {j ∈ V|(j, i) ∈ EG}. Ø�� AWÓ j, i ∈ V , aij ≥ 0
>

aij > 0
 M> 6  

j ∈ Ni. Ni

� ���Md Ë i
Ó����M�j×M�=VjòjÔjÕM�j×MÃ æ ���M�j×jÅ=�M1

â
V
���jÔjÕM�j×jÓ����M�j×jÅ���� ±M²Md 3jÕM�j×jË��M�j×M�=VjòjÔjÕM�j×��MÃ æ ����W×WÅ�� íWâ

V
�l®����W×WÓ������W×WÅ���� ±�²�d 3WÕM�W×WË����j×��Ô ê 
 (i1, i2), (i2, i3), · · · , (ik−1, ik) d ËM�j× i1 ) in

ÓjÔM� æ ã����M�=Vjò Ø�� AjÓ
i, j ∈ V ,

��� ¿
i ) j

Ó����WÅ���� d G
Ë� WøWÞWÓ�� æ ã"! â 3�#WÔ�4 æ ãGäjÅ=1 æ > 6

æ ÔWÕ����W×
,
®�¯��W× æ > 6Wæ ÔWÕ������W×��

G
Ó�$WÊ�! â ÔWÕ��W×�	 â

V ,

 	 â

EG% 	WÓ æ ã"!��?ÔWÕ� WøWÞWÓ æ ãGäWÔM2�º�»jÔ�&�$WÊ�!M�
2.2 '�(�)�*�+�,�-�.�/�0� ó�1�2 ÔM� æ ã àjáM� EMF ªM«M�M� Ojøjùj÷jújÔ�3�4M��5jÌÎÍgÏjÐÎÜgÝjÓjÆjÇjþÿ��=Ï

i
ÕûÍGÏWÐWÓ�6�7�8�à�5WË

ẋi(t) = ui(t), i = 1, 2, · · · , N, (1)

®¹�
xi(t) ∈ R

â Ï
i
ÕÎÍgÏjÐjÓM%M&jÅ

ui(t) ∈ R
â Ï

i
ÕÎÍgÏjÐjÓjþjÿ�9 Ñ �=å X(t) =

[x1(t), x2(t), · · · , xN (t)]T.
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Ï
i
ÕûÍGÏWÐ ó S '�) ®����ûÍGÏWÐWÓ ß�¨ Ë

yji(t) = xj(t) + σjiωji(t), j ∈ Ni, (2)

® �
yji(t) óDC � Ï i

Õ Í Ï Ð Ø Ï j
Õ Í Ï Ð Ó % &

xj(t)
¼ � Ó / ô Å {ωji(t), i, j =

1, 2, · · · , N}
â�E ��F �WÓ�G�HJI éWê Å σji ≥ 0

âWéWê  �K��VWò
ui(t) ∈ σ{xi(s), yji(s), j ∈ Ni, 0 ≤ s ≤ t}, ∀ t ≥ 0, i = 1, 2, · · · , N,

��� ±�²�d ¼ æÍGÏWÐWþWÿ�9 Ñ {ui, i = 1, 2, · · · , N} L ÊWÔWÕ�Ò Ù / ô ß�¨ Ó���M�N�L�N [6].��D�O M�N�P�Q�R�S�T (1)–(2), U�V�W�X�Y[Z�\�]�^ R U�_�`�a�b�c S�T�d[e�f�g�h�ij�k�l�m�n�o�p�q�r�s g O M�N�P�Q Y�t�^�buc S�Twv�xui _�y g�z�{ `�|�} g�~��uh��
U�� d���� Z�\���y�������������� g�����h�i�g�����d�D�

1[5] ( �D� hDi ) �D� E|xi(t)|2 < ∞, �D�D� x∗, tD^ lim
t→∞

E|xi(t) − x∗|2 = 0,

i = 1, 2, · · · , N , ��Z�\��J�"��y S�T�� X(t) � R ��� h�i�d���
2[5] ( �� �¡ 1

h�i
) ������� x∗, t�^ lim

t→∞
xi(t) = x∗, a.s., i = 1, 2, · · · , N , ��Z

\�� X(t) � R �� �¡ 1
h�i�d

3 ¢¤£¤¥¤¦¤§
��¨�� � [5,6], Z�\�©�ª�� ��g O M�N�P�Q

ui(t) =





0, Ni = ∅,

a(t)
∑

j∈Ni

aij(yji(t) − xi(t)), Ni 6= ∅, (3)

« v
a(t)
o U�_�¬��®�¯ g�°�±�²�³ Y���´ h�i�µ�¶�²�³�d·

L = (lij), lij = aij , i 6= j, lii = −
∑

j∈Ni

aij , Hi = (ai1σ1i, ai2σ2i, · · · , aiNσNi),
« v

σji = 0, j 6∈ Ni, H = diag(H1, H2, · · · , HN ). ¸�ª�O M�N�P�Q (3)
R�S�T

(1)–(2) ^
Ẋ(t) = a(t)LX(t) + a(t)Hη(t),

« v
ωi(t) = [ω1i(t), ω2i(t), · · · , ωNi(t)]

T, η(t) = [ωT
1 (t), ωT

2 (t), · · · , ωT
N (t)]T. ¹ o U�_»º N2 ¼½"¾�¿�À�Á g�S�T Y�Â�Ã�Ä ������g Itô `�a�Å�O���Æ [12,13]

dX(t) = a(t)LX(t)dt + a(t)GdW (t), (4)

« v
G = diag

(√ ∑

j∈N1

(a1jσj1)2, · · · ,

√ ∑

j∈NN

(aNjσjN )2
)

,

W (t) = (W1(t), W2(t), · · · , WN (t))T
o

N ¼�Ç�È Browian É Á dÊuË R
L
ouÌuÍ ´uÎuÏ °uÐuÑuÒuÓuÔu°u±ÕguÖu× Y �u¨u� � [11], Zu\u]u�uØ L ÙuÚzD{DÛ }D´ {1, 2, · · · , N}

gDÜ ®D¯D|D}DÝßÞáà (
xãâDä ´ {Yt})

gDåDæDçDèDéDÓDd�êDë Ç
È ÝßÞáà gDì � [14], ZD\D]D^Dí G îÕïDUDð èDéDñ s �Dò s {Yt} òDïDUD_DóDôDÃDÄ �
C = (l1, l2, · · · , ld),

«�õ z�{�ö o�÷ | {�d���� Z�\�ø�ª�� [11]
g�ì ��Ú�´�Z�\ g ø�ù d
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1[11] � G î�ï�U�� è�é�ñ Y��
i) {Yt} ������U g  �¡���� π t�^ πL = 0. 	�
�Y πi > 0

s ��ò s i ∈ C;

ii) ��� °�����Ö�× Φ = (1N , Φ̃) � Φ−1 =
(

π

Ψ

) t�^

Φ−1LΦ =

(
0 0

0 L̃

)
,

« v
L̃  � Y�� L̃

g�e ï���������ï ±�����d·
Z(t) = (z1(t), z2(t), · · · , zN(t))T = Φ−1X(t), Z̃(t) = (z2(t), z3(t), · · · , zN(t))T, Z�\�ï

dz1(t) = a(t)αdW (t), (5)

dZ̃(t) = a(t)L̃Z̃(t)dt + a(t)G̃dW (t), (6)

« v
Φ−1G =

( α

G̃

)
, α
o

Φ−1G
g�� U Ì d���¨�� [11]

g ø�ù 5, Z�\�ï
���

2 � G î�ï�U�ð è�é�ñ Y X(t) � R ��� ( �� �¡ 1)
h�i Y s ��ò s ��� z∞

1 , t
^ lim

t→∞
E|z1(t) − z∞1 |2 = 0

(
lim

t→∞
z1(t) → z∞1 , a.s.

)
, ��� lim

t→∞
E‖Z̃(t)‖2 = 0

(
lim

t→∞
Z̃(t) = 0,

a.s.
)
. ��|�Y lim

t→∞
E‖X(t) − z∞

1 1N‖2 = 0
(

lim
t→∞

X(t) = z∞1 1N , a.s.
)
.��� Y Ð�S�T�� ��Ú�� � E|X(0)|2 < ∞. ����Y�Z�\������ � 4 _�� � í

A1) G î�ï�U�� è�é�ñ��
A2)

∫ ∞
0 a(s)ds = ∞;

A3)
∫ ∞
0 a2(s)ds < ∞;

A4) lim
t→∞

a(t) = 0.

º (5) ^
z1(t) = z1(0) +

∫ t

0

a(s)αdW (s).

{z1(t), Ft}
o U>_ �>Y « v Ft = σ(Wi(s), s ≤ t, i = 1, 2, · · · , N), A3) ! " # ∫ ∞

0 a(s)αdW (s)o�r ��g�d
�$�

1 ¸�ª P�Q (3)
R�S�T

(1)–(2), % A1)–A3)
é$& Y�� lim

t→∞
E‖X(t) − x∗1N‖2 = 0,« v

x∗ = πX(0) +
∫ ∞
0

a(s)αdW (s).' º (5)
Í

A3) ^
sup
t≥0

E|z1(t)|
2 = sup

t≥0
E

∣∣∣
∫ t

0

a(s)αdW (s) + z1(0)
∣∣∣
2

≤ 2

N∑

i=1

πi

√ ∑

j∈Ni

(aijσji)2
∫ ∞

0

a2(s)ds + c1E|X(0)|2 < ∞,

« v
c1 > 0

o�( ³�d º � {z1(t),Ft}
o U�_���Y e � lim

t→∞
E|z1(t) − z∞1 |2 = 0 � z1(t) → z∞1 ,

a.s.,
« v

z∞1 = πx(0) +
∫ ∞
0 a(s)αdW (s).
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I ��Z�\$"KJ lim
t→∞

E‖Z̃(t)‖2 = 0. º � L̃  � Y�L���� Q > 0, t�^ QL̃ + L̃TQ = −I .·
V (t) = Z̃(t)TQZ̃(t), �

dV (t) = −a(t)Z̃(t)TZ̃(t)dt + 2a(t)Z̃(t)TQG̃dW (t) + a2(t)tr(QG̃G̃T)dt

≤ −
1

λN

a(t)V (t)dt + 2a(t)Z̃(t)TQG̃dW (t) + a2(t)tr(QG̃G̃T)dt, (7)

« v
λN

o
Q
g�M�N ����� d�ê�ë [15]

v"g��
42 O � [16], P Ë � � T > 0, ��� KT > 0,

E sup
0≤t≤T

‖Z̃(s)‖2 ≤ KT (1 + E‖Z̃(0)‖2) < ∞.

L
E

∫ t

0

a2(s)‖Z̃(s)‖2ds < ∞.

Q�R
E

∫ t

0

a(s)Z̃T(s)QG̃dW (s) = 0.

Ð
(7)
N���S � Ð

t T�O�Y�����U�V�W�^
EV (t) ≤ −

1

λN

∫ t

0

a(s)EV (s)ds + c2,

« v
c2 =

∫ ∞
0

a2(s)tr(QG̃G̃T)dt < ∞. º Gronwall-Bellman
x Ã�X [17] ^�Y

EV (t) ≤ c2 exp
(
−

1

λN

∫ t

0

a(s)ds
)
→ 0, t → ∞.

L lim
t→∞

E‖Z̃(t)‖2 = 0.
·

x∗ = z∞1 , º"ø�ù 2, Z�\�]�^ � ù g�ì�Y�d���
2 % A1)–A3)

é�& Y�� X(t) �� �¡ 1
h�i�d

' êÕë øÕù 2, ZÕ\[Z[\Õ�["]J lim
t→∞

z1(t) = z∞1 , a.s.
Í

lim
t→∞

Z̃(t) = 0, a.s. º �
z1(t) → z∞1 , a.s. ^"� � ù 1

g "_J v ����Y ��� Z�\�Z�"_J Z̃(t) → 0, a.s.
ê�ë�� ù 1 "_Jv"g

(7) X�Y�Z�\�ï
V (t) = V (0) −

∫ t

0

a(s)Z̃T(s)Z̃(s)ds + 2

∫ t

0

a(s)Z̃(s)TQG̃dW (s) +

∫ t

0

a2(s)tr(QG̃G̃T)ds.

·
Ṽ (t) = V (t) −

∫ t

0
a2(s)tr(QG̃G̃T)ds, � Ṽ (t)

o�` � d�a�� ` Y Ð P Ë g s ≤ t,

E(Ṽ (t) − Ṽ (s)|Fs) = E
[
−

∫ t

s

a(r)Z̃T(r)Z̃(r)dr +

∫ t

s

a(r)Z̃T(r)QG̃dW (r)|Fs

]
≤ 0.

º V (t) ≥ 0 ^ Ṽ (s) ≥ −
∫ ∞
0 a2(s)tr(QG̃G̃T)ds.

Q�R

sup
t≥0

EṼ (t)− ≤

∫ ∞

0

a2(s)tr(Qtr(QG̃G̃T)ds < ∞,
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sup
t≥0

E|Ṽ (t)| ≤ sup
t≥0

[2EṼ (t)− + EṼ (t)] ≤ 2

∫ ∞

0

a2(s)tr(QG̃TG̃)ds + EṼ (0) < ∞.

d � Y º ` �fefg � ù [13] h Y � � Ṽ ∗ ï Ṽ (t) → Ṽ ∗, a.s.,
QfR

V (t) → Ṽ ∗+
∫ ∞
0 a2(s)tr(QG̃G̃T),

a.s. 	 U � � Y>º E|V (t)| → 0 ] ^ V (t)
P
→ 0( �   ¡ieig ), L V (t) → 0, a.s.,

QiR
Z̃(t) → 0, a.s.j

1
Ð���k�l |�}�m�n�o�p�Y º ��q �"��y g�z�{�r U ��g�s�~�t$u�v�w Y ]�x�y��

U�_���z�´ Kushner-Clark
g�{�| Y.}�"�~ {�| o "_J S�T �� �¡ 1

h�i�g����
[11]. ��®�¯

|�}�o�p�Y�����x�y���U�_ ��¨�g�������g�{�| Y Z�\$����#�U�_���`�a Lyapunov
²�³ ï��g ` ��Y�����ª � ù 3

Í�` ��e�g � ù�"_J3# S�T �� �¡ 1
h�i�d

ô�� � ù 1, Z�\ h�� � � A1)–A3)
o S�T � R ��� h�i Í �� �¡ 1

h�i�g�� O {�|�dR ����g�� ù 3 ����Z�\�Y ��U ��g ¾�¿ {�|�� Y A1)–A3) � o !�"���� h�i�g�� � {�|�d�$�
3 � �$�$� ��� i ∈ C, j ∈ V , t�^ σji > 0 ¸�ª P�Q (3)

R�S�T
(1)–(2), � X(t)

� R ��� h�i s ��ò s A1)–A3)
é�&�d

' � O ��g "_J"Z�\_^"� � ù 1
g "_J v ��� d���� Z�\�O � c�"_J � � ��d�

1 c Z�\$"KJ A1)
o � � g�d � � G

x î�ï è�é�ñ Y��$Z�]$��ï 3 �$o$� [10]. Z
\�Z�\�"_J Ð P���U���o���Y X(t)

ö�x ]���� R ��� h�i�d
(I) G ��� î�ï�U�_�� &�� Y x�â�ä ´ i0. ¸�ª P�Q (5) Z�\�^ R � ��g b�c S�T

{
ẋi0 (t) = 0,

dX̂(t) = a(t)L̂X̂(t)dt + a(t)Ĝ(t)dW (t),

« v
X̂(t) = [x1(0), · · · , xi0−1(t), xi0+1(t), · · · , xiN

(t)]T, L̂, Ĝ
o Ð

X̂(t)
b Ì �$�$� ��g�~$�

^ R�Ð ¸ � L, G
g�Ö�×�d � � X̂(t) � Ü�����{�|�� ]�� R ��� h�i ( % x ��Y X(t)

x ]��
� R �>� h>i ), � lim

t→∞
X̂(t) = x̂∗1N−1.

d �>Y�% U xi0(0) 6= x̂∗, � X(t)
x �>� R �>� h>i>d

(II) G
x î�� &�� Y�� ��� î�ï � _���� � Y x�â � i1, i2. U xi1(0) = 0, xi2(0) = 1,

Ê
Ë R ��� ��  ï�¡�¢�� � Y�¸�ª P�Q (3), Z�\�]�^ xi1(t) ≡ 0 6= 1 ≡ xi2 (t).

d ��Y���| X(t)x ��� R ��� h�i�d
(III) G

  ï�� &�� �   ï � _ ��� _�� ` g ��� � Y£� G ]���¤�O�´ � _ x�¥�¦�g�§¨
G1

Í
G2.
� G1

Í
G2

q î�ï�U�ðJ�3© g�è�é�ñ�d % x ��Y �$� ����î�ï è�é�ñ�g G′
1,G

′
2,Â�\ x�¥�¦ Y�����Â�\�� «�ª g�§ ¨ � x�¥�¦�d ¸�ª P�Q (3), Z�\�ï

dX1(t) = a(t)L1X1(t)dt + a(t)G1dW (t),

dX2(t) = a(t)L2X2(t)dt + a(t)G2dW (t),« v
Xi(t) (i = 1, 2)

o
G′

i

g�z�{�«�¬ Y Li, Gi ���� ��g πi, αi ��´ Ð Xi(t)
b Ì �������g�~�� ^ R�g�¥ ¸ g�Ö�×��_®3¬�d º�ø�ù 2

Í � ù 1 ^
lim

t→∞
E‖X1(t) − x∗

1lN1
‖2 = 0, x∗

1 = π1X1(0) +

∫ ∞

0

a(s)α1dW (s),

lim
t→∞

E‖X2(t) − x∗
2lN2

‖2 = 0, x∗
2 = π2X2(0) +

∫ ∞

0

a(s)α2dW (s).
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º � πi 6= 0 (i = 1, 2), Z�\�]�¯�U r�s g Xi(0) t x∗
1 6= x∗

2. ��|�Y X(t)
x ��� R ��� h�i�d�

2 c Z�\�"_J A2)
Í

A3)
g�� � ��d Ê�Ë R Z̃(t)TQZ̃(t) ≥ λ1Z̃(t)TZ̃(t) (λ1

o
Q
g

M�ç ����� ).
��¨���� ù 1 "_J v"g (7) X�Y�Z�\�ï
EV (t) − EV (0) ≥ −

1

λ1

∫ t

0

a(s)EV (s)ds +

∫ t

0

a2(s)tr(QG̃TG̃)ds

≥ −
1

λ1

∫ t

0

a(s)EV (s)ds.

º Gronwall-Bellman
x Ã�X [17] ^

EV (t) ≥ EV (0) exp
(
−

1

λ1

∫ t

0

a(s)ds
)
, (8)

° º EV (t) → 0
Í

λ1 > 0 ^ ∫ ∞
0

a(s)ds = ∞.
��� Z�\$"KJ A3)

g$� � ��d�ê�ë ø�ù 2, Z
\�ï

∞ > lim
t→∞

E(z1(t))
2 = E(z∞1 )2 = E

(
πx(0) +

∫ ∞

0

a(s)αdW (s)
)2

.

d ��Y
E

(∫ ∞

0

a(s)αdW (s)
)2

≤ 2
[
E(−πx(0))2 + E(πx(0) +

∫ ∞

0

a(s)αdW (s))2
]

< ∞.

	�U�� � Y
E

(∫ ∞

0

a(s)αdW (s)
)2

= αTα

∫ ∞

0

a2(s)ds =
∑

i

π2
i

∑

j∈Ni

(aijσji)
2

∫ ∞

0

a2(s)ds.

º � ��� i ∈ C, σji > 0,
ê�ë ø�ù 1, Z�\�ï ∑

i

π2
i

∑
j∈Ni

(aijσji)
2 > 0, L ∫ ∞

0 a2(s)ds < ∞.

j
2
ê�ë � ��g�±�Y Y Z�\ h�� C

o ÝJÞ"à {Yt}
g ��U�ó�ô ��d ê�ë {Yt}

g�å�æ�ç
è�é�Ó

L
Í

G
g ¡$² Ö�× A

g�Ð ¸ ��S Y C ��U � Ë � ` � o$³ ����y S�T»v Q ¡$¢$���´ U�µ�¶�· � g U ��d ��y�¸�X�Y C
v"g �"��y�U ��x ��e R C 
J�"��y g µ�¶�Y R C

z�
 g �"��y�U � ]���e R C
v"Ü�¹ �"��y g µ�¶ d ��º�¸�Y�� Leader-Follower m�n v Y

C ò »>î�U>_ ���>y>Y¼� Leader.
� ù 2

o X>Y s C
v ���>y ´ U g µ ¶ ½ R ¾>¿�¾ ¿ |>Y

´À!À" X(t) �u� hui Y {À| A1–A3)
o � � gud s L

gÀÁ Í �u´uÎ (� G ´ÀÂÀÃ ¨ ) |uY
C = {1, 2, · · · , N},

� ù 2
n «�é #�� [6]

g�� ù 3.4.
d ��Y � ù 2

o
[6]
g�� ù 3.4

g�~�Ä�d
j

3 %���� i 6∈ C, j ∈ V , t�^ σij > 0, �$P Ë i ∈ C, j ∈ V ,
ö ï σij = 0, ��´$#$!$"

��� h�i Y A1)
Í

A2)
o � � g Y R A3)

x�� � é�&�d���
4 � � P Ë i ∈ C, j ∈ V ,

ö ï σij = 0, A1), A2)
Í

A4)
é�& Y�¸�ª P�Q (3)

R�S
T

(1)–(2), � X(t) ] � I ��� h�i�d' º � P Ë σij = 0, i ∈ C, j ∈ {1, 2, · · · , N}, Z�\�ï
α =

(
π1

√∑

j

(a1jσj1)2, · · · , πN

√∑

j

(aNjσjN )2
)

= 0.
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º (5) ^ z1(t) ≡ z1(0).��� Z�\�"_J E‖Z̃(t)‖2 → 0. º (7) ^

EV (t) ≤ −
1

λN

∫ t

0

a(s)EV (s)ds +

∫ t

0

a2(s)tr(QG̃G̃T)ds.

° º Gronwall-Bellman
x Ã�X [17] ^

EV (t) = EV (0) exp
[
−

1

λN

∫ t

0

a(s)ds
]

+ tr(QG̃G̃T)

∫ t

0

exp
[
−

1

λN

∫ t

s

a(u)du
]
a2(s)ds

4
= I1(t) + I2(t).

Å ��Y I1(t) → 0. Z�\ I ��"_J I2(t) → 0.
Ê�Ë R

d
[
exp

(
−

1

λN

∫ t

s

a(u)du
)]

=
1

λN

exp
(
−

1

λN

∫ t

s

a(u)du
)
a(s)ds.

º a(t) → 0 h Y���� c3 > 0 t�^ Ð�e ï g t ≥ 0, ï a(t) < c3, ���$P�� ε > 0, ��� t0 > 0,

t�^ Ð�e ï g t ≥ t0, ï a(t) < ε.
d ��Y

I2(t) =
( ∫ t0

0

+

∫ t

t0

)
tr(QG̃G̃T) exp

[
−

1

λN

∫ t

s

a(u)du
]
a2(s)ds

≤ c4

∫ t0

0

d exp
[
−

1

λN

∫ t

s

a(u)du
]

+ λNε

∫ t

t0

d exp
[
−

1

λN

∫ t

s

a(u)du
]

= c4

{
exp

[
−

1

λN

∫ t

t0

a(u)du
]
− exp

[
−

1

λN

∫ t

0

a(u)du
]}

+λNε
{
1 − exp

[
−

1

λN

∫ t

t0

a(u)du
]}

,

« v
c4 = c3λN tr(QG̃G̃T). º λN > 0 ^

lim
t→∞

exp
[
−

1

λN

∫ t

t0

a(u)du
]

= 0, lim
t→∞

exp
[
−

1

λN

∫ t

0

a(u)du
]

= 0.

d ��Y>º ε
g P Ë � Y�Z�\�^ I2(t) → 0.

��¨���� ù 1
g "_J"Y�]�^ E‖Z̃(t)‖2 → 0.

° º"ø
ù 2 ^�Y X(t) ] � I ��� h�i�dj

4 ô�� � ù 3
Í � ù 4 Z�\ h�� Y s C

v �"��y ´ U�µ�¶�½ R ¾�¿ |�Y[´�!�"����h�i Y A3)
o x ]�Æ�Ç g�d � o Y s C

v �"��y ´ U�µ�¶�È�½ R ¾�¿�¾�¿ |�Y Z�\>]�� ¯�U
U�_�É�Æ�Ê�Ë g�h�i�µ�¶ Y�Ì���U a(t) = 1√

t
, ��!�"���� h�i�d i |�Y ����g�� ù 6 ����Z

\�Y � ù 3
g�{�| � Ü�¹ o�p � � o !�" h�i�g�� � {�|�d 	�
�Y ���_Í3Î v"å ô�µ ¾�¿ Y

�Jº ����g�� ù 4 h Y�� � A1)
Í

A2)
o !�" h�i�g�� � {�|�d���

5 � � σij = 0, ∀(j, i) ∈ E , ¸�ª P�Q (3)
R�S�T

(1)–(2), ����� x∗, t�^
lim

t→∞
‖X(t) − x∗1N‖ = 0

s ��ò s A1)
Í

A2)
é�&�d
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' �ÀÏÀ�ud�êuë øuù 2, Zu\ÀZÀ\À"ÐJ lim
t→∞

z1(t) = z∞1
Í

lim
t→∞

Z̃(t) = 0. º � ùÀ� �
^�Y (5)

v�g
α = 0 � (6)

v�g
G̃ = 0.

e � z1(t) ≡ z1(0). � � ù 1 Ñ$Ò ��� V (t),
��¨��

(7) ^
dV (t) ≤ −

1

λN

a(t)V (t)dt.

º�Ó3·�Ô�ù�^
V (t) ≤ V (0) exp

(
−

1

λN

∫ t

0

a(s)ds
)
→ 0.

L V (t) → 0,
Q�R

lim
t→∞

Z̃(t) = 0.� � ��d�Ð�� A1), Z�\�Õ�]�� ��¨���� ù 3
g "_J Ð Í3Î�Ö�× Ï 3 ��o�� b Ì ±�Y Y

ª�Ø�"�Ù�"_J A1)
g�� � � Y���� x Ú�Ú�Û ±�Y�d � � A2),

��¨��
(8) ^

V (t) ≥ V (0) exp
(
−

1

λ1

∫ t

0

a(s)ds
)
,

º V (t) → 0
Í

λ1 > 0 ]�^ ∫ ∞
0

a(s)ds = ∞.���
6 � � σij = 0, ∀i ∈ C, j ∈ V , %���� i 6∈ C, j ∈ V , t�^ σij > 0. ¸�ª P�Q (3)

R
S�T

(1)–(2), % X(t) ] � I ��� h�i Y � A1)
Í

A2)
é�&�d b U�c�Y�%���� a, lim

t→∞
a(t) = a,

� a = 0.' �
1
��Ï Õ�]�� ��¨���� ù 3 "�^ d � ��� 2

��Ï YÜ� � a 6= 0, �Jº Ä�� T Ï�g��Ý Y � � ù 4
g "ÞJ v I2(t)

x e g R 0,
Q R

X(t)
x �>� h>i>d ¹ � � ù � � ß à YáL a = 0.

4 âäãäåäæ
çéè UD_ßº 4 _ ìé� � éDg ï ® ¨ G = (V , E ,A)( ê ¨ 1),

« v
V = {1, 2, 3, 4}, A =

(aij)4×4, a13 = a14 = a23 = a21 = a31 = a43 = 0.7. º ¨ 1 ^�Y G îuï�U$� è�é�ñ Y ¥ ¸�Ý
Þ�à g ó�ô � ´ C = {1, 3, 4}. � S�T�g$�$��z�{ ´ X(0) = [4, 3, 1, 5]T, ô$µ ¾�¿ g$ë ��´
σ31 = σ41 = σ13 = 0.3. ��|�ó�ô � C

v �"��y ´ U g µ�¶�½ R ô�µ ¾�¿ g ¾�¿ d

i2
?

i

3� i

4
6

i1 �
@

@
@

@
@

@@R@
@

@
@

@
@@I

ì
1 í 4 î�ï�ð�ñ�ò�C�ó�ô ì

I � Z \ Ð ¸ ª P Q (3) � g b c S T b Ìfõfö mf÷ d �f� Y Z \f¯fU h i µ ¶ a(t) ≡ 0.25,

buc SuTuguzu{ � ¨ 2(a)
eÀøud ]u�uÙu�uY�buc SuT oÀù lugud «Àú Y�Z�\À¯ÀU huiuµ�¶



1362 ú û ü ý þ ÿ ý 29 �
a(t) = ln(t+1)

t+1 , ��| A1)–A3) � é�& Y ¨ 2(b) û_J"b�c S�T�g 4
{�ü�Ò e�g R�ý�i�g ( � d

�$��Y�Z�\$¯$U h�i�µ�¶ a(t) = 1√
t+1

, ��| A1)
Í

A2)
é$& Y�� A3)

x�é$& Y ¨ 3(a) ûKJ
b�c S�T�x ��e�g R U�_ ý�i�g ( � d

t/s

X(t)

ì
2 (a) D�E�þ�ÿ a(t) ≡ 0.25 ��� ?.@�B�C��������

t/s

X(t)

ì
2 (b) D�E�þ�ÿ a(t) = ln(t+1)

t+1
��� ?.@�B�C��������
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t/s

X(t)

ì
3(a) C � ?.@�B�	�
����393:�����?A@3BFC��������

t/s

X(t)

ì
3(b) C � ?.@�B��	�
����393:�����?A@3B3C��������

	�U�� � Y Z�\ ç�è ô�µ ¾�¿ ë ��´ σ12 = σ32 = 0.3. ��|�Y C
v �"��y ´ U g µ�¶�È

½ R ¾u¿À¾À¿ Y R C zÀ
w� �uy ´ U g µÀ¶À½ R ¾À¿ d Z�\ÀÕ$¯ÀU huiuµ�¶ a(t) = 1√
t+1

,¨
3(b) û_J"b�c S�T�g 4

{�ü�Ò e�g R�ý�i�g ( � d

5 �����
�>�>�>��#>U>V>ï ® Ö × ��� `>a>ô µ ¾>¿ g ®>¯>| }>U�� ³ ��� yÞÍ�Î g h>i j k d

¹�� e ��� g ï ® Ö�× x ò�»�î�ï ® Â�Ã ¨ Y R ��»�î ° Â�Ã ¨ YÜ��� o ��� g�����d Z�\
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É�ª�Ý»Þ�à g�ì ��^ R #�U�_KÍFÎ$� ��g óuô � Y�� Ð óuô ���wv�g � ��y ´ U$µ$¶ o��
½ R ¾�¿���� Y ����#_Í3Î � I h�i�g�{�|�d ô�� ³ ��Ì § Y�}$"�# e ^ ì�Y�d x ��Y ¹��
Z�\�ò ç$è #�� � Ö$× Í U��$T Ï n ³ ���uyKÍFÎ g oÀp�Y Ð� ��| « Ö$× Í U�V Á"! ST�g�h�i j�k�Í {�| Ã�Ê�#�� g l�m%$'& b U�c���� d
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CONSENSUS CONDITIONS OF MULTI-AGENT

SYSTEMS WITH UNBALANCED TOPOLOGY

AND STOCHASTIC DISTURBANCES

WANG Bingchang ZHANG Jifeng

(Key Laboratory of Systems and Control, Institute of Systems Science, Academy of Mathematics

and Systems Science, Chinese Academy of Sciences, Beijing 100190)

Abstract Consensus conditions of multi-agent systems with general directed communica-
tion topology and Guassian communication noises are investigated. Here the topology includes
not only the balanced graphes but also unbalanced graphes, and the latter is the main concern
of this paper. By using the results of Markov chains, a communication class of network nodes is
given. By considering the influence of the noises, the consensus conditions are provided: (1) for
the case where the information received by some agents in the communication class corrupted
by noises, a sufficient and necessary condition of mean square consensus is given. It is shown
that this condition can also ensure almost sure consensus. (2) For the case where no information
received by the agents in the communication class is corrupted, but the information received
by some agents outside of the communication class is corrupted, a sufficient condition of mean
square consensus is obtained, which is shown to be necessary in some sense. (3) For the case
without noise, a sufficient and necessary condition of consensus is presented.

Keywords Multi-agent systems, consensus control, communication noise, unbalanced
graphs.


